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1. Introduction 
If G is a finite group, let R(G) denote the representation ring of G and let 
Z(G)cR(G) be the ideal of generalized characters having degree 0. A theorem of 
Atiyah [2] states that there is a natural isomorphism of rings 
z?(G)=+K(BG), 
where K(BG) is the complex K-theory of the classifying space BG, and Z?(G) is the 
completion of R(G) with respect to the Z(G)-adic topology. 
It is the purpose of this note to give a concrete description of K(BG;Z/p), the 
K-theory of BG with Z/p coefficients for p a prime. By standard universal coeffi- 
cient theorems [l, p. 2011, 
R(G)@Z/p=K(BG;Z/p). 
Thus we wish to understand R^(G)@Z/p. For example R(G) is additively a free 
abelian group with rank equal to the number of conjugacy classes of G, and one 
can ask for a similar group theoretic description of the dimension of R^(G)@Z/p 
as a Z/p vector space. Note that the difficulties here lie in the slightly mysterious 
completion process. 
Theorem. Let G be a finite group and p a prime. 
(1) There is a natural isomorphism of rings, 
Z?(G)@Z/p=Im(resg@Z/p), 
where P is a p-Sylow subgroup of G and resg: R(G) + R(P) is the restriction map. 
(2) dim,,,, Im(resgO Z/p) equals the number of conjugacy classes of G 
represented by elements of order a power of p. 
* The author is a Sloan Fellow and is partially funded by the N.S.F. 
0022-4049/87/$3.50 0 1987, Elsevier Science Publishers B.V. (North-Holland) 
270 N.J. Kuhn 
We prove this theorem in the next section. In proving (2), we use Brauer’s 
theorem to show that res: has no torsion in its cokernel. We wish to thank Walter 
Feit for contributing the proof of this fact. 
Remark. We explain our interest in K(BG;Z/p). For a fixed prime p, there exists 
a sequence of generalized cohomology theories K(O)*, K(l)*, K(2)*, . . . with K(n) * 
periodic with period 2(p”- 1). These are the Morava K-theories [4], and generalize 
ordinary K-theory in the sense that K(1) * is one of the p - 1 isomorphic summands 
of K*(-;Z/p). An ‘Atiyah theorem’ for K(n)*, i.e., a group-theoretic description 
of the ring K(n)*(BG), would presumably shed light on the nature of K(n)*. The 
author has recently found such a description of the additive structure of K(n) *(BG) 
when G has an abelian p-Sylow subgroup 151. 
2. Proof of the theorem 
Proof of (1). Consider the commutative diagram 
i* 
K(BG; Z/p) - K(BP; Z/p) 
1 
T 
1 
&S@Z/p I 
Z?(G)@Z/p- I?(P)@Wp 
j 
T 
k 
res@I/p 
I 
R(G)OZ/P - R(P)@Z/p. 
In this diagram, i* is injective by transfer arguments - modp K-theory is a 
cohomology theory localized at p. The map j is surjective because Z?(G)@ 
Z/p= (R(G)/I(G)N)@Z/p for large N. Finally, k is an isomorphism because of 
the fact that, for finite p-groups P, the Z(P)-adic and p-adic topologies agree on Z(P) 
[3, p. 2771. Statement (1) follows. 
Proof of (2). Statement (2) follows from the next three lemmas. 
Lemma 1. Let f: L” + Z” be a homomorphism. Then 
dim,, Im(f @ Z/p) = dim, Im(f $3 C) - dirnZjp Tor(cok(f ), Z/p). 
Lemma 2. dim, Im(resF @ C) = number of conjugacy classes of p-elements in G. 
Lemma 3. cok(resF) is torsion free. 
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Proof of Lemma 1. By replacing Z” by Im(f), we can assume that f is manic. Ten- 
soring the exact sequence 
with C yields Irn(f @Q-C”. Tensoring with Z/p yields an exact sequence 
0 --t Tor(cok(f), Z/p) + (Up) “=(,,p)“. 
Lemma 1 follows. 
Proof of Lemma 2. Recall that Z?(G)@C can be identified with the ring of class 
functions on G, and note that the conjugacy classes intersecting P nontrivially are 
precisely those containing p-elements. The lemma follows. 
Proof of Lemma 3 (W. Feit). We need to show that if BER(G) and resgB= dcr for 
some (Y E R(P), d E Z, then there exists x E R(G) such that res: x = (Y. 
For XE G let x=x0x where x0 is the p-part of x and x’ is the @-part. Then x0 is 
conjugate to an element y in P. Define x(x) = o(y). Since 0 is a class function, x is 
well defined and is also a class function on G. Since resgX= a, we just need to 
check that x E Z?(G). 
Recall that an elementary subgroup E of G is one that is a product of a q-group 
and a q’-cyclic group where q is a prime. Note that E = El x E2 where E, is a p’- 
group and E2 is ap-group. We claim that if E is an elementary subgroup of G, then 
resg x E R(E). To see this, note that E2 can be assumed to be a subgroup of P. In 
that case, resf x = n * resis a, by construction, where rc * : R(E,) -+ R(E) is induced 
by the projection rr : E -+ E2. 
We now appeal to Brauer’s Theorem [6, Theorem 211: If x is a class function on 
G that restricts to a generalized character of E for every elementary ECG, then x 
is a generalized character of G. 
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